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We analyse the effect of thermal fluctuations on the elastic constants of the decoupled lamellar
phase of tethered, crystalline membranes. Using a momentum-shell renormalization group technique,
we show that the smectic-A -like compressional elastic constant, the in-plane Lame´ coefficients, and
the cross-coupling elastic constant vanish as (ln q)−a whereas the bend elastic constant diverges as
(ln q)b, with a, b > 0, as the wavenumber q tends to zero. The exponents a and b satisfy the relation
a+ 3b = 2.
PACS numbers: 61.30.Cz, 64.60.Ak, 68.55.-a
In lamellar phases of tethered, crystalline membranes an equilibrium phase transition from a conventional three-
dimensional solid to a decoupled phase has been predicted. For large enough mean separation between neighbouring
membranes, the lamellar phase gets decoupled; the membranes can slide past each other and rotate relative to each
other without any elastic energy cost [1]. This phase differs from the sliding columnar phase [2] which is composed
of two-dimensional smectic layers stacked one on top of other and has a rotation modulus for relative rotation of the
layers. Lamellar phases of polymerized membranes are likely candidates to search for the phase transition from the
uniaxial three dimensional solid phase to the decoupled phase. Since there is no first-order elastic coupling between
successive membranes, translational order decays algebraically. The absence of the shear modulus and the rotational
modulus described above has interesting consequences for sound propagation and damping in this phase [3].
In this paper we study the static elastic properties of the decoupled lamellar phase. Our principal result is that
nonlinear strains demanded by rotational invariance lead to the renormalization of the elastic constants; thermal fluc-
tuations do not destroy the decoupled lamellar phase. We find that in addition to the smectic-A -like compressional
elastic constant B, and the bend elastic constant K, the in-plane Lame´ coefficients λ and µ, and the cross-coupling
elastic constant γ become scale-dependent quantities because of thermal fluctuations. Asymptotically, B, λ, µ and γ
vanish as (ln q)−a whereas K diverges as (ln q)b, a, b > 0, for the wavenumber q → 0, with a+ 3b = 2. Note that the
in-plane Lame´ coefficients vanish in a manner different from that for a single tethered, crystalline membrane [4]. We
also point out that the analysis of this problem in [5] is erroneous.
To derive these results, we begin by considering the nonlinear elasticity theory for the decoupled phase [3]. We use
Cartesian coordinates with the axis of the system along x. The elastic Hamiltonian is
H =
∫
d3x
[
B
2
E2xx +
K
2
(∇2⊥ux)
2 +
λ
2
U2ii + µU
2
ij + γExxUii +∆1Exx +∆2Uii
]
, (1)
where the terms with coefficients ∆1 and ∆2 are the counterterms discussed below. In (1),
Uij =
1
2
(
∇⊥i u
⊥
j +∇
⊥
j u
⊥
i −∇
⊥
i ul∇
⊥
j ul
)
, (2)
and
Exx = ∇xux −
1
2
(∇ux)
2 (3)
define the full Eulerian strain tensor, with the superscript ⊥ representing components in the yz-plane.
We now adopt the methods of [6] to carry out the momentum-shell renormalization group analysis of (1). Power
counting shows that the anharmonic terms in (1) are marginal. We confine the wavevectors of the Fourier transformed
field variables to a cylindrical region, so that −∞ ≤ qx ≤ ∞ and 0 ≤| q⊥ |≤ Λ, where Λ is of order the inverse lattice
constant in the membranes (i.e., in the yz-plane). We rescale the field variables anisotropically:
qx → b
2qx,
q⊥ → bq⊥,
ux(qx,q⊥)→ Zxux(b
2qx, bq⊥),
u⊥(qx,q⊥)→ Z⊥u⊥(b
2qx, bq⊥), (4)
1
where b = e−δl. We integrate out the degrees of freedom in the thin momentum shell e−δlΛ ≤| q⊥ |≤ Λ through a
one-loop perturbative calculation described below.
From the elastic Hamiltonian (1), it is apparent that ux is coupled nonlinearly to u⊥ as well as to itself. Also,
the correlations in ux are more strongly singular than those in u⊥. The effect of these singular correlations can be
systematically taken into account by using standard graphical perturbation theory. Our first step is to identify the
free propagator for the ux -field. This is easily done by integrating out the u⊥ -field from the probability distribution
for the harmonic theory:
Heff [ux] = −kBT ln
∫
Du⊥e
−βH0[ux,u⊥], (5)
where H0 is the harmonic part of H in (1), kB is the Boltzmann constant, T is the temperature, and β = 1/kBT . We
thus obtain the free propagator
G
(x)
0 (k) = t/
(
k2x + λ
2
0k
4
⊥
)
, (6)
where t = kBT/Beff , Beff = B − [γ
2(λ + 2µ)/(λ + µ)2], and the length λ0 = (K/Beff )
1/2. Notice that (5) has
the same form as that of the elastic Hamiltonian for the smectic-A phase. Integrating out the ux -field from the
probability distribution gives the free propagator
G
(⊥)
0 (k) = 〈u
⊥
i (k)u
⊥
i (k)〉 =
1
β
[
λ+ µ−
γ2k2x
(Bk2x +Kk
4
⊥)k
2
⊥
]
(7)
for the u⊥ -field. Next, we identify the rescaling factors in (4) as Zx = b
4, and Z⊥ = b
4. The flow equations for this
renormalization group are:
dB
dl
= −β
(B + γ)2
16pi
wt, (8)
dλ
dl
= −β
(λ+ µ+ γ)2
16pi
wt, (9)
dµ
dl
= −β
µ2
4pi
wt, (10)
dγ
dl
= β
(λ+ µ+ γ)(B + γ)
16pi
wt, (11)
dK
dl
=
wK
32pi
+
Bt
32pi
(λ+ µ+ γ)2
(λ+ µ)B − γ2
[
(λ21 − λ
2
0)
λ0(λ22 − λ
2
0)
+
(λ22 − λ
2
1)
λ2(λ22 − λ
2
0)
]
, (12)
where w = t/λ30, λ
2
1 = K/B and λ
2
2 = (λ+µ)K/[(λ+µ)B−γ
2]. These flow equations simplify considerably if γ(l)→ 0
(which we show below to be the case), so that λ0 = λ1 = λ2. In particular, the flow equation for K then reads
dK
dl
=
wK
32pi
[
1 +
(λ+ µ)
B
]
. (13)
With the simplified flow equation (13), the coupled set of flow equations can be analyzed for the asymptotic (q → 0)
behaviour of the elastic constants, yielding the result
B, λ, µ, γ ≍ (ln q)−a,K ≍ (ln q)b, (14)
where a, b > 0, and a + 3b = 2. We note that γ indeed vanishes as q → 0, which ensures the consistency of our
calculations.
We choose the coefficients ∆1 and ∆2 by demanding that the averages 〈∇xux〉 and 〈uii〉 be zero. From the graphical
structure of the theory we see that this choice of ∆1 and ∆2 also cancels terms proportional to q
2
⊥ generated in the
perturbative calculation [7].
Let us now look at the calculation of [5]. In that work, the invariant
Uxx = ∇xux −
1
2
(∇xux)
2 −
1
2
(∇xu
⊥
i )
2 (15)
2
is used instead of Exx in constructing (1). It then follows that the vertex (B/2)(∇xux)(∇xu
⊥
i )
2 gives a correction
∆B ∝
∫
dqxq
4
x
∫
d2q⊥〈u
⊥u⊥〉2 ∝ q−2⊥ ∀qx (16)
to B, since the correlation function 〈u⊥u⊥〉 ∝ q−2⊥ ∀qx, as can be seen from (7). Moreover, the same vertex also
generates a term of the form (∇xu
⊥)2, which drives the system into the three dimensional uniaxial solid phase, thus
destroying the decoupled lamellar phase itself. This is because H (with Uxx replacing Exx) does not respect the
symmetry of the decoupled lamellar phase, in that it then includes an elastic energy cost (at the anharmonic level)
for shearing the membranes past each other.
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